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Abstract. We define the flag space and space of singular vectors for an arrangement A of hyper- 
planes in projective space equipped with a system of weights a : A — > C. We show that the con- 
travariant bilinear form of the corresponding weighted central arrangement induces a well-defined 
form on the space of singular vectors of the projectivization. If ^2 HeA a (H) = 0, this form is 
naturally isomorphic to the restriction to the space of singular vectors of the contravariant form of 
any afnne arrangement obtained from A by dehomogenizing with respect to one of its hyperplanes. 

1. Introduction 

Let A = {H\, . . . ,H n } be an arrangement of affine hyperplanes in C . Let fi : C — > C be an 
affine linear functional with zero locus Hi, for 1 ^ i ^ n. Let M = M(A) = C — UILi ^* De ^ ne 
complement to the arrangement. If W is a C- vector space, then W* denotes its dual space. Let 
C x = C- {0}. 

Let LVi = dlog(fi) for 1 ^ i ^ n. Denote by A the C-subalgebra of the holomorphic De Rham 
complex of M generated by the closed forms l,u>i, . . . ,u n . The algebra A is graded, A = ® p=0 A p , 
and called the Arnobd-Brieskorn-Orlik-Solomon algebra or the OS algebra of A. The dual space 
T = F(A) := e p5 ,o F p of A is called the flag space of A, |SV91| . 

Let a = (ai, . . . ,a n ) G C n be a vector of weights. The contravariant form of the weighted 
arrangement (A, a) is the symmetric bilinear form S = (BS p : T <g> T — > C, where S p : T v <S> J~ p — > C 
is defined by 

(1.1) S p (F,F') = Y / ajF(oj J )F'(u J j). 

J 

The sum is over all sequences J = ■ ■ ■ ,j p ) with 1 ^ j% < ■ ■ ■ < j p ^ n, aj = Y\^ =1 aj i and 
lvj = ujj 1 A • • • A u jp , |SV91| . 

In particular, if {Fi, . . . , F n } C J 71 is the basis dual to the basis {uj±, . . . , co n } of A 1 = C n , then 

(1.2) Si(F i ,F j ) = a i S ij . 

The contravariant form has many remarkable properties, see [SV911 |V95|, IV06|, IVllj . It is a gen- 
eralization of the Shapavalov form associated to a tensor product of highest weight representations 
of a simple Lie algebra - for this application A is a discriminantal arrangement and a is determined 
by the representations. 

The space J- has a combinatorially defined differential d: T v — > F p+1 . The space A has a 
differential 5 a : AP — > A p+l defined by multiplication by oj a := Y17=i a i u i- The contravariant form 
S induces a morphism of complexes ip: {F,d) — >■ (A,5 a ), see [SV91] and Section [2j The pair (J 7 , d) 
is the flag complex of A. 

Let Sing(J 7 ^) = Sing a (J^) C T e be the annihilator of uj a A A 1 . It is called the subspace of 
singular vectors of J~ £ , relative to a. This terminology is introduced in |V06| and motivated by 
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[SV91]. In |SV91j the subspace Sing(J r ^) for a discriminantal arrangement is interpreted as the 
subspace of singular vectors of a tensor product of Verma modules over a Kac-Moody algebra. The 
inclusion Sing(.F ) ^ (A*)* induces an isomorphism 

Sing(^) -> (H e (A,5 a )T = (A'/iuaAA*- 1 ))*. 

Let & a = rj- /j - " 1 be the master function associated with (A, a), and let C a be the rank-one local 
system on M whose local sections are the multiples of single- valued branches of $ . The inclusion 
of (A, 5 ca ) into the twisted algebraic de Rham complex of C ca induces an isomorphism 

H*(A,5 ca )^H*(M,Cca) 

for generic c [SV91] . Since Sing ca (J 7 ^) = Sing a (J r£ ) for any nonzero c, this implies that Sing a (J 7 ^) 
is isomorphic to the local system homology Hi(M, C- ca ) for generic c. 

An important object is the restriction of the contravariant form Si to the subspace Sing(J r ). It 
relates linear and nonlinear characteristics of the weighted arrangement (A, a). For example, the 
rank of the restriction of Sg to Sing(7 r ) bounds from above the number of critical points of the 
master function $ a , see |V11| . For other properties see in |V061 IVTT] . 

The complement M to A in C can be identified with the complement to the arrangement of 
projective hyperplanes Aoo in projective space P^ consisting of the closures of the hyperplanes of 
A together with the hyperplane at infinity. The purpose of this note is to develop the notions 
of the flag space J 7 , the space Sing(J 7 ^) of singular vectors of IF 1 , and the bilinear form SelshW.F*) 
on Sing(J r ^), starting with the projective arrangement .Aoo in IP*. Namely, the purpose is to define 
these objects in such a way that they will not depend on the choice of the hyperplane at infinity of 
the projective arrangement. 

The following example illuminates our constructions. 

Example 1.1. Let A be the affine arrangement in C 1 of n distinct points zi, . . . , z n . Then = 
dlog(x - Zi) for 1 < i < n. We have A = C, A 1 = C" and A p = for p ^ 2. Let a E C™ be a 
vector of weights. The contravariant form of (A, a) on T 1 is given by (jl.2p . The image oj a A A 
of 5 a in A 1 is spanned by u a , and the subspace Sing (J 71 ) C of singular vectors is the subspace 

Our construction identifies the pair (Sing(J rl ), S , i|si n g(J r1 )) with the pair 

((Ann(^ a A A ) + Ann^A 1 ))/ Ann^A 1 ), % AM z aA A°)+Ann( q *Ai))/ Ann^)) 
described below. 

Let [u : v] be homogeneous coordinates on P 1 , with x = ^. The projectivization Aoo of A is the 
arrangement in P 1 of the points p\ = [1 : z{\, ■ ■ ■ ,p n = [1 : Zn] anci the point po = [1 : 0] at infinity. 
The weight of p, is dj for 1 ^ i ^ n and the weight of po is ao = — Ya=1 a i- 

In our construction we use the associated central arrangement in C 2 , the cone A of «4oo, consisting 
of the lines v — Z{U = for 1 ^ i ^ n and the line u = 0. Introduce the following one- forms on 
C 2 : Cbi = d\og{v — Z\u) for 1 ^ i ^ n, and Cj$ = d\og(u). The arrangement A is weighted with 
the weights a = (ao, ■ ■ ■ ,a n ). We will denote by M, A, JF, ui a , S the complement, Orlik-Solomon 
algebra, flag space of A, special element, and the contravariant form of (A, a), respectively. 

The orbit map q: M — >■ M/C x = C — {z\, . . . , z n } induces an injection q* : A — > A whose image 
is the subalgebra generated by {Y^i=o e ^ I ^27=0 -^j = 0} C A 1 . One computes 

v 

q*{u)i) = q*(dlog(x - zi)) = d\og( Zi) = LUi - lo - 

u 

Then the special element u a of A 1 is mapped by q* to the special element oj a = Ya=o ai ^ J ' i °^ 
A . Identifying A 1 with q* A 1 , the flag space T x = (A 1 )* is isomorphic to the quotient of F 1 by 
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the annihilator Ann^M 1 ) C F 1 of q*A 1 C A 1 . The subspace Ann(q*A 1 ) is spanned by Y^i=o^i- 
(Notice that in this consideration the index does not play any special role.) The subspace 
Ann(a) a A ^4°) of F l consists of flags Y17=o Ci ^i such that Ya=o CiCli = ^- This subspace is or- 
thogonal to the subspace Ann(g* A 1 ) relative to the contravariant form of A. Indeed we have 
•5i(X^Lo Fi > X^=o Ci^i) = Y17=o c i a i = Thus, the contravariant form S\ induces a well-defined 
form on the image of Ann(d> a A A ) in F 1 / Ann(q* A 1 ) , namely, a form on 

(Ann(w a A A ) + Ann{q*A 1 ))/ Aim{q*A l ) Ann(w a A i°)/(Ann(w a A A ) D Ann(q*A 1 )). 

The flags F\, . . . , F n induce a basis of F 1 / Ann^A 1 ). Using this basis, we see that the form 
induced by Si on (Ann(w a A ^4°) + Ann(q* A 1 )) / Ann(q* A 1 ) corresponds to the restriction of the 
original form S% to the subspace Sing(J rl ) under the isomorphism of F 1 with F 1 / Awa(q* A 1 ) . 

Notice that the form Si does not induce a well-defined form on F 1 = F/ Ann(q*A 1 ) - the 
extension of Si|si ng prn defined by (|1.2p depends on the choice of hyperplane at infinity. 

In general, for any weighted affine arrangement (A, a) in C , we identify the pair 
(Sing(.7^),SV| Sing (jrt)) with the pair 

((Ann(w a A A 1 ' 1 ) + Ann(q*A e ))/ Ann(q*A e ), S>| (Ann( ^ A ^-i )+Ann(9Mf))/ 

expressed in terms of the cone A of the projectivization Aoo of A. 

Our statement that the pair (Sing(J r£ ), S^lsingp^)) can be constructed in terms of Aoo, without 
choosing a particular hyperplane at infinity, is analogous to the following fact from representation 
theory. Let V\., i = 0, . . . ,n, be irreducible finite dimensional highest weight representations of 
a simple Lie algebra. Here Aj is the highest weight of V^. Let Aq be the highest weight of the 
representation dual to V\ . Let Si be the Shapavalov form on V^. Let Sing((8>" =o yiv i )[0] C (gi^V^ 
be the subspace of singular vectors of weight zero and Sing(®"_ 1 VA i )[Ao] C ®" =1 Va i the subspace 
of singular vectors of weight A^. Then the pair (Sing(®^ =1 VA*)[A^], {®A=l S i)\sing{^^V A A[A^\) is 
isomorphic to the pair (Sing(®f =0 V Ai )[0], (®™ =0 <Si)lsing(®™ =1 v Ai )[o])- 

2. Flag complex and contravariant form of a central arrangement 

We recall in more detail some of the theory of flag complexes from |SV91j . The following notation, 
which differs from the notation of £JH will be used throughout the rest of the paper. For general 
background on arrangements see O T92I. 

Suppose A = {Ho,...,H n } is a central arrangement in C e+1 . Let /o,---,/n € (C^ +1 )* with 
Hi = ker(/j) for ^ % ^ n. Let uii = ^j- for ^ i ^ n, and let A be the OS algebra of A, as defined 
in 32 Let E be the graded exterior algebra over C with generators eo,...,e n of degree one. Let 
d: EP -> EP- 1 be defined by 

p 

d{e n A • • • A e jp ) = ^(-l)*" 1 ^ A • • • A e u A • • • A e jp , 
i=i 

where * denotes deletion. If J = (ji, ■ ■ ■ ,j p ), denote the product ej 1 A • • • A ej by ej. Say J is 
dependent if {fi \ i € J} is linearly dependent in (C^ +1 )*. Let I be the ideal of E generated by 
{dej | J is dependent}. By [OS80] . the surjection E — >■ A sending to U{ has kernel /. We tacitly 
identify A with E/F The map d induces a well-defined map d: A — > A, a graded derivation of 
degree —1, and (A,d) is a chain complex. 

Let L = L(A) be the intersection lattice of A, the set of intersections of sub collections of A, 
partially-ordered by reverse inclusion. Let Flag = ©p=o Flag p be the graded C-vector space with 
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Flag p having basis consisting of chains (Xq < ■ ■ ■ < X p ) of L satisfying codim(Xj) = i for ^ i ^ p. 
Such a chain will be called a flag. For each ordered subset J = (ji, . . . ,j p ) of {0, ... , n}, let £(J) 
be the chain (Xq < • • • < X p ) of L, where Xq = C e+1 and X« = P|fc=i -^i* f° r 1 ^ * ^ V- Note that 
£(J) is a flag if and only if {Hi \ i € J} is independent in .4. If 7r is a permutation of {1, . . . ,p}, 
let J w = (fan), ■ ■ ■ j jvr(p))- For any flag F € Flag p and any ordered p-subset J of {1, ... ,n}, there 
is at most one permutation ir such that F = ^(J T ). 
Define a bilinear pairing 

( , ) : Flag p ®E P C 

by 

if f (J*) = F 
otherwise 



(2.1) {F,ej) 




for every flag F in Flag p and ordered p-subset J of {0, . . . , n}. 

Proposition 2.1 QSV91]). (F,dej) = for every F € Flag p and dependent (p + l)-tuple J. 
Moreover, if (Xq < • • • < < Xi + \ < • • • X p ) is a chain in L with codim(Xj) = j then 

(2.2) / Yl (Xq<--- <X l _ l <X <X l+l <--- X p ), ej\ = 0, 

\A 1 _ 1 <A'<X l+1 / 
for every ordered p-subset J of {0, . . . , n}. 

Let T = ©pig F p be the quotient of Flag by the (homogeneous) subspace spanned by the sums 

(2.3) (X <--- <X^<X <X i+1 <--- X p ) 

as (Xq < • • • < < Xi + \ < • • • X p ) ranges over all chains in L with codim(X,) = j. 

Denote the image of (X < • • • < X p ) in F p by [X < ■ ■ ■ < X p ]. By Proposition [2J] ( , ) 
induces a well-defined bilinear pairing ( , } : T v <X> A p — > C. 

The pairing ( , } is a combinatorial model of the integration pairing of the ordinary homology 
and cohomology of the complement M with coefficients in C, see [SV91| . 

Theorem 2.2 QSV91]). The pairing ( , } : T v ® A p — > C is nondegenerate. 

Let ip: A ^ T* be defined by v?(x) = (—,x): T — > C. By Theorem 12. 2| </> is an isomorphism. 
The value of <f(coj) in terms of the canonical basis of Flag is given in [SV91, (2.3.2)]. Similarly, 
ip* : T — > .4* is an isomorphism, with (p*(F) = (F, — } : A — )• C. J 7 is called the /?a<? space of A. 

Let d: Flag p — > Flag p+1 be the linear map defined by 

(2.4) d(X < ••• <X P ) = J2 (Xq<-- - <X P <X). 

x>x p 

codim(A")=p+l 

Clearly d induces a linear map d: F p — > F p+1 . Relations (|2.2p imply d o d = 0. The pair (J 7 , d) is 
called the /Zag complex of .4. The following result is a reformulation of Lemma 2.3.4 of [SV91] , 

Theorem 2.3. For any F £ T p and x G ^4 P+1 , 

(F,dx) = (dF,x). 

Let d* : (F p )* -> (T^ 1 )* be the adjoint of d: J"^ 1 -> 7" p . 

Corollary 2.4 ( |SV9H Lemma 2.3.4]). T/ie map 99: (A, d) -)■ (F*,d*) given by ip(x) = (—,x) is 
an isomorphism of chain complexes. 
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Similarly ip* : (F, d) —¥ (A* , d*) is an isomorphism of cochain complexes. 

There is a decomposition of F dual to the Brieskorn decomposition [OT92, Lemma 5.91] of A. 
For X G L let T\ be the image in F p of the subspace of Flag p spanned by flags that terminate at 
X. Then by [SVll (2.12)], 

(2.5) F^ = F\. 

codim(Jf )=p 



Let a = (ao, • • • , a n ) G C n+1 . Let u a = X)j=o a j U} 3 an< ^ ^ a : ^ ~~ ^ ^ with 5 a (x) = u a Ax. Let 

S = @S P : F®F^C 

be the contravariant form of the weighted arrangement (A, a) , as defined in (jl.ip . S gives rise to 
the map F — > F* that sends F to S(F, —): F — > C. By composing this map with the isomorphism 
. _^ ^ Qne Q^gjjjg a ma p a, characterized by the formula 

(2.6) S P (F,F') = {F^(F')), 

for all F, F' G F p , for each p. ip is called the contravariant map. 

Theorem 2.5 QSV91, Lemma 3.2.5]). The contravariant map ip: (F,d) — > (A, 5 a ) is a morphism 
of cochain complexes. 

Corollary 2.6. For every F G T v and F' G F^ 1 , 

S(F,dF') = (F,oj a A^(F')). 

3. Projective OS algebra and flag space 

Let A be a central arrangement as in $2) Let A denote the projectivization of A, consisting of 
the projective hyperplanes 

Hi := (Hi - {0})/C x 

in F e = (C m - {0})/C x , for ^ i ^ n. Let M = P e - Uf =0 H be the complement to A in P e . 

Definition 3.1 ([C DFVfu] ). The OS algebra A = A(A) of the projective arrangement A is the 
kernel of d: A — >• A. 

Denote by l : A — > A the natural imbedding. Let (F, d) be the flag complex of A. 
Definition 3.2. The flag space F = F(A) of the projective arrangement A is the quotient F / im(<i) . 

Thus F is obtained from F by introducing the additional relations 

(3.1) J2 (X <--- <X p <X) = 0, 

x>x p 

codim(V)=p+l 

where (Xq < • • • < X p ) ranges over all flags of length p in L, for ^ p ^ t. 

Let 7r: F — > F be the canonical projection. For F G F we write F = vr(-F). Then, for instance, 
X^=o = 0> where {Fo, . . . , F n } C F 1 is the basis dual to {wo, • • • , w n } C A 1 . 

Theorem 3.3. Let p: A* — > A* be given by restriction. Then the isomorphism <p*: F —¥ A* induces 
an isomorphism (p* : F — > A* , given by the commutative diagram 

F *- A* 
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Theorem 13,31 is proved below. 

Lemma 3.4 ( [OT921 Lemma 3.13]). The complex 



is exact. 

Corollary 3.5. The complex 



q ^jrO d ? j~i d . . . d ? x-l-1 d ; j~t 



is exact. 

Corollary 13.51 also follows from [SV91[ Cor. 2.8]. 
Proposition 3.6. Ann(A) = im(d: T — > T). 

Proof. By Lemma l3~4l A = im(<9). Then F G Ann(j4) if and only if (F,dx) = for all x G A. 
By Theorem 12.31 this is equivalent to the statement (dF, x) = for every x G A, or dF = by 
Theorem 12. 21 Then Ann(yl) = ker(d), which equals im(d) by Corollary 13.51 □ 

Proof of Theorem Iff. 31 The assertion now follows immediately from Proposition 13.61 and Defini- 
tion GL2 □ 



Lemma 13.41 also has the following consequence. 

Corollary 3.7. A is the subalgebra of A generated by 1 and A 1 = {^27=0°^* I ^27=0 Ci = 

Proof. By Lemma 13.41 we have A = im(<9). One can show by induction that 

duj = (u j2 — ujj 1 ) A • • • A (u jp - u) h ), 

for any ordered subset J = (ji, . . . ,j p ) of {0, ... , n} with p ^ 2. Each factor on the right-hand side 
lies in (A) 1 . Since such ojj (along with 1) span A, the result follows. □ 

Remark 3.8. The algebra A is naturally isomorphic to H*(M,C) and i : A — > A is identified 
with the homomorphism q* : H*(M,C) — > H*(M,C) induced by the orbit map q : M — > M. The 
space T is naturally isomorphic to the homology space iT*(M, C) and the projection it: T — > T is 
identified with the homomorphism : H*(M,C) — > H*(M,C). 

4. Singular subspace and contravariant form for projective arrangements 

Let A = {Hq, . . . , H n } be a central arrangement in C e+1 as above. Let a = (ao, . . . , a n ) E C" +1 
and oj a = Y2i=o aiUJi ^ ^ ■ We identify the flag space J- = F(A) with A* via the map ip* of 
Section [2j 

Definition 4.1. The singular subspace Sing(J^) C T is 

vr(Ann(u; a A A e ~ 1 )) = (Ann(w a A A 1 ' 1 ) + im(d))/im{d) C J* / 'im(d) = F £ . 

Let 5 : J 7 <8> J 7 — >• C be the contravariant form of the central arrangement as defined in (|l.lj) . 

Theorem 4.2. TTte subspaces Ann(Lj a A A) and im(d) o/ J 7 are orthogonal with respect to S. 

Proof. In §2 we constructed the contravariant map ijj : J- — > A satisfying S P (F,F') = (F,ip(F')) for 
every F,F' G T p . By Corollary ES ip satisfies S p {F,dF') = (F,u) a A ^(F')> for all F £ T p and 
F' G J*" 1 . Suppose F G Ann(w a A ^P" 1 ) C JR. Then, for every F' G J* -1 , (F,w a A ip{F')) = 0. 
Then 5 P (-F, dF') = for every F' G J^ -1 . Thus Ann(w a A A) is orthogonal to im(d). □ 
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Define the bilinear form 

S e : Smg{P) © Sing(J^) -> C 

by S i (F,F') = S e (F,F>). 

Corollary 4.3. The form Sp: Sing(^) <S> S'mg(F i ) — > C is well-defined. 

5. Dehomogenization 

Throughout this section we assume a € C n+1 satisfies Yj£=q a i = 0- Then uj a E A 1 and w„Ai C A. 
Fix a hyperplane Hj G For simplicity of notation we assume j = 0, but the index will play 
no special role. Choose coordinates (xq, . . . ,xg) on C e+1 so that Hq is defined by the equation 
xq = 0. The decone of .4 relative to -ffo is an affine arrangement dA = {dH±, . . . , d.ff n } in C . The 
affine hyperplane dH{ is defined by fi(x\, . . . , a^) = 0, where fi(x\, . . . , xi) = fi(l, x%, . . . , xp) and 
/i : C e+1 — > C is a linear defining form for Let M = — U2=i d-H*, &j = dlog(/j), and let A 
be the algebra of differential forms on C generated by 1 and a),, 1 ^ 2 ^ n. Let d = (ai, . . . , a n ). 

Lemma 5.1. The map e: A — > A, u)j i— > — t^O; *s a well-defined isomorphism. Moreover, e sends 

&a = Ya=1 a i&i to U a . 

We note for future reference that 

(5.1) e(cbj) = (u h — ujq) A • • • A (w jp - w ) = ^( ,i)> 

for any ordered p-subset J = (ji, . . . ,j p } of {1, ... , n}, where (0, J) = (0, ji, . . . ,j p ). 

As in §21 the flag space J- = F(dA) of the affine arrangement d.4 can be identified with A* , and 
the singular subspace Sing(T^) C T relative to a is defined by Sing(^) = Ann(wa A A^~ l ). The 
contravariant form S = ®S P of dA is given by 

S p (PJ') = Y,ajF(tUj)F'(uj), 

j 

summing over increasing p-tuples J = . . . ,j p ) of elements of {1, . . . , n}. We identify T with 
(^4)* via the isomorphism (p* of Theorem 13.31 
In this section we prove the following theorem. 

Theorem 5.2. The map e* : T — > T restricts to an isomorphism of inner-product spaces 
e*: (Sing^),^!^^))-^ (Sing(^), ^| Sing( ^). 

Recall that A = ker(<9: A -4 A). Define a: AP" 1 ->■ A p by cr(x) =w Ai 
Lemma 5.3. For each p, we have A p = (ujq A yi p_1 ) A p . 

Proof. By Lemma [3.4l the complex (^4, d) is exact. Hence, for each p, there is a short exact sequence 

(5.2) *-A p -^A p -^A p ~ l ^0. 

This sequence splits: the map a: A p_1 — > A p defined above is a section of d: A p — > Ap- 1 . Indeed, 
d o a{x) = d{uiQ A x) = duiQ A x — uiq A dx = x for x G A p ~ l . Then yl p = im(cr) © ker(3) = 
(cj A AP' 1 ) © A as claimed. □ 

Recall that ker(-7r) = Ann(A). The map ir: T v — > T v is the adjoint of the inclusion A ^ A. Let 
o~* \ J~p — y TP' 1 be the adjoint of a: A*' 1 -> AP. 



s 
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Lemma 5.4. We have the following statements: 

(i) T p = ker(<7*) eker(vr). 

(ii) The restriction TrlAnn^oAAp- 1 ) : Ann(wo A A p ~ l ) — > T p is an isomorphism. 

(iii) Ann(w A A) = Ann(w A A). 

Proof. Taking duals in (|5.2j) . we obtain the exact sequence 

(5.3) P>- 1 TP — TP 0. 

The map a* : T p T^ 1 satisfies a* o d* = {d o a)* = id^,_i. Then T p = ker(cr*) im(<9*). 
Statement (i) follows by exactness. 

We have a*(F)(x) = F(a(x)) = F(lj A x) for all x £ A. Then F £ ker(a*) if and only if F £ 
Ann(w aA p_1 ), i.e., ker(<7*) = Ann(wo A A p ~ 1 )._ Applying (i), we have Ann(w A A 1 '" 1 ) nker(7r) = 
and T p = tt{T p ) = ^(ker(fj*)) = 7r(Ann(o;o A A* -1 )). This proves (ii). 

For (iii), assume F G Ann(o;o A A) and x G A A. Write x = loq A y for y £ A. By Lemma l5\3| 
we can write y = y\ + y2 with yi G Wo A A and y2 £ A. Then wo A yi = 0, so x = ojq A ?/2 £ <^o A A. 
Then F(x) = 0. Thus Ann(wo A A) C Ann(wo A A). The opposite inclusion holds because ujq A A C 
(J A A. □ 



Recall the decomposition (12. 5h of T. In this context Lemma [5.41 yields the following result, which 
we will consider in more detail in the next section. 



Corollary 5.5. For < p ^ I, 



p>^ T\ 



codim(X)= 
H ^X 



Proof. Using (|2.ip one can check easily that [Xq < • • • < X p ] £ Ann(u>o A A p 1 ) if and only if 
Hq ^ X p . Then, for each X G L of codimension p, 

, ,„ i, if Hn .X 

The claim then follows from parts (ii) and (iii) of Lemma 15.41 □ 

Lemma 5.6. We have the following statements: 

(i) Ann(w a A A) n Ann(w A A) C Ann(w_ a A A). 

(ii) Ann(w a A A) = Ann(w a A A) + Ann(A). 

(iii) Sing(J^) = vr(Ann(a; a A A^ 1 )). 

Proof. Let F G Ann(w a A A) n Ann(a; A A) and x £ u a A A. Write x = u: a A y with y G A. 
By Lemma 15.31 we can write y = y% + yi with y\ £ uj A A and 7/2 G A. Write yi = wo A y^ 
with y[ £ A. Since 0J a A A C A, w a A yi = w a A (cjo A y^) = wo A (— (w a A y^)) G loq A A. Then 
x = uj a A y = uj a A y\ + u a A y2 £ coq A A + uj a A A. Then F{x) = 0. This proves (i). 

Let F £ Ann(u> a A A). By part (i) of Lemma 15.41 we can write F = F% + F2 where F\ £ 
ker(cx*) = Ann(w A A) and F 2 £ ker(7r) = Ann(A). Since oj a A A C A, F 2 £ Ann(w a A A). Then 
F 1= F-F 2 £ Ann(w a AA). Then F\ £ Ann(w a Ai)nAnn(w A A). Then F x £ Ann(a; a AA) by (i). 
Thus F = Fi + F 2 £ Ann(w a A A) + Ann(A). This proves Ann(w ffl A A) C Ann(w a A A) + Ann(A). 
The opposite inclusion follows easily from the fact that uj a A A C (uj a A A) Pi A. This proves (ii). 

Part (iii) follows immediately from (ii). □ 
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We note the following consequence of part (iii) of Lemma 15.61 for later use. As observed earlier, 
(A, S a ) is a subcomplex of (A,5 a ). 

Corollary 5.7. The inclusion Sing(F) '—t J- = (A )* induces an isomorphism 

Sing(F) — (H\A,5 a )y. 

Proof. Lemma E21 implies A e+1 = 0, so # £ (!,<5 a ) = A e /(oj a A A 1 ' 1 ). Then (H e (A,5 a ))* is isomor- 
phic to the annihilator of cu a A A^ 1 in (A )*. This annihilator is equal to 

(Ann(w a A A 1 " 1 ) + Kmx{A 1 ))/ Ann(A £ ). 

By Definition 14.11 Proposition 13.61 and Lemma l5.6l f iii). this is equal to Sing(F^). □ 

Proof of Theorem{£M Let F G Ann(u; a A A 1 " 1 ), and let x G co a \A l ~ l ■ Then e*(F)(x) = F(e(x)). 
Since e(w a ) = u a , e(x) G uj a A so F(e(x)) = 0. Then e*(F)(x) = 0. Thus e*(Sing(^)) C 

Sing(F £ ). 

Conversely, suppose F G Sing(J^). Write F = e*(F) with F G J*. Let x G cu a A A* -1 . Then 
x G A , soi = e(x) for some x € A. Since x G u) a AA l , x G £) a AA*~^-. Then F(x) = by definition 
of Sing(F £ ). Then F(x) = F(e(x)) = e*(F)(x) = F(x) = 0. This shows that F G Ann(u a A A 1 ' 1 ). 
Then F G Ann(a; a f\A^ 1 ) by part (iii) of Lemma l5.6[ Then F G Sing(J 7 ^) by definition of Sing(.F ). 
Thus Sing(.F ) C e*(Sing(F £ )), and e* restricts to an isomorphism Sing(^) — > Sing(J^). 

It remains to prove that S £ (e*(F),e*(F')) = S e {F,F') for all F,F' G Sing(^). By (|5J]h we 
have 

^(6*(F), e *(F)) = ^a ie *(F)(^) e *(F')(^) = 

J 

= £ «jF( e (^))F'( £ (^)) = ^ ai F(5o; (0jJ) )F'(aa; (0ii) ). 
i J 

The sum is over increasing p-tuples J of elements of {1, . . . , n}. By parts (ii) and (iii) of Lemma f5.4l 
we may assume that F,F' G Ann(u;o A A e ~ l ). Since dco^j^ = coj — ooq A dujj, this implies 
F(duj^ Q ft) = F(ojj) and similarly for F' . Then the last sum above is equal to J2j cijF(ujj)F'(ui j). 
This sum is equal to ^2jajF{uj)F'{ijjj), summing now over all increasing p-tuples J of elements 
of {0, ... , n}, again because F, F' G Ann(u;o A A l ~ l ). This equals Se(F, F') by definition. □ 

We close this section with a topological remark. Consider the (multi-valued) master function 
<£ a = nr=o fi~ ai on Since Y17=o a * = ^> ^ a * s invariant under the action of C x , hence 

induces a (multi-valued) master function & a on M. We have §„ = $ „ o li where <3?a = EL>=1 /j - "' 
is the master function of (d.4, a) on M, and fa : M — > M is the canonical diffeomorphism. The 
associated rank-one local systems C a on M and L a on M then satisfy h*C a = C a . The inclusion 
of (A, 5 ca ) in the twisted algebraic de Rham complex of C ca induces an isomorphism of H*(A, 5 ca ) 
with H*(M , C ca ) for generic c. As before, Smg a (F e ) is equal to Smg ca (F e ) for any nonzero scalar 
c. Then, by Corollary 15.71 we have the following corollary. 

Corollary 5.8. For generic c, the inclusion Sing (.F ) (A e )* induces an isomorphism 
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This isomorphism does not involve the choice of a hyperplane at infinity. Thus we have the 
following commutative diagram of isomorphisms, for generic c, in which the index again plays no 
special role: 

SingaC^)— ^Sing a (^) 

" 

H t (M, C. ca ) — H e (M, C_ C a) 
6. Transition functions 

The right-hand side of the formula in Corollary 15.51 is the decomposition of the flag space T p 
of the decone dA, see [SV91| . It can be considered to be the dehomogenization of the projective 
flag space T relative to Hq. The dehomogenizations relative to different hyperplanes form a set of 
"affine charts" for T . We compute the transition functions. 

For ^ j ; ^ n, let Aj,Tj, and denote the OS algebra, flag complex, and contravariant form 
of the affine arrangement obtained by deconing A with respect to Hj. Let e,-: Aj — > A be the 
isomorphism determined by e(d)fc) = oj k — u)j, for ^ k ^ n and k ^ j, as in Lemma 15.11 Let 
el- : T — > Tj be the adjoint of €j. For ^ i < j ^ n, set = e? Then nj : T{ — > Tj is an 

isomorphism. Theorem 15.21 has the following corollary. 

Corollary 6.1. The restriction of Tij is an isomorphism of inner product spaces 
r ir . (Sing(^),5f Isfcg^))— (Sing(^),sf | Sing( ^). 



According to Corollary 15.51 T ij can De considered to be an isomorphism 

Tij. J~ x f X x . 

codim(A)=p codim(A)=p 

Hi^X Hj^X 

We describe this map explicitly. 

In the special case p = 1 there is an easy formula for t^. Let {Fq, . . . ,F n } be the canonical basis 
of F 1 , and suppose k ^ i. Then 



Tij(F k ) 



F k if M J 

To describe the general formula, we will use the following lemma. 

Lemma 6.2. Let X € L with codim(X) = p, and let H € A. Then T p x is spanned by elements 
[Xq < ■■■ < Xp-i < X] satisfying H ^ X p -\. 

Proof. We induct on p, the case p = being trivial. Let p > and [Xq < • • • < X p _\ < X] £ T v . 
By the inductive hypothesis, we may assume H ^ X p _2- (Here we rely on the fact that the 
assignment [Xq < • • • < -Xp-i] i— )■ [Xq < ■ ■ ■ < X p ^\ < X p ] determines a well-defined linear map 
J~x~ 1 1 ~~ ^ J~x P ') If ^ ^ -Xp-i we are done. Otherwise, by (|2.2p . we have 

[X < ••• <X p _ 1 <X] = ~[Xo < ■■■ X p -2 < X' < X). 

x p - 2 <x'<x 
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Since H ^ X p _ 2 and H ^ X p _i, H ^ X' for any X' ^ X satisfying X p _ 2 < X' and codim(A') = 
p — 1. Then every flag (Xq < ■ ■ ■ X p _ 2 < X' < X) that appears on the right-hand side satisfies the 
required condition. This completes the inductive step. □ 

Theorem 6.3. Let [X < • • • < X p ) € F p with Hi £ X p . If Hj ^ X p , then 

nj([x <---<x p ]) = [x <---<x p ). 

If Hj ^ X p and Hj ^ X p -\, then 

T«([X <---<X P ])= V -[X„<---<X P _ 1 <X']. 



Proof. By definition, Tjj([Ao < • • • < X p ]) is the unique element of (Bcodim(X)=p ^ na * represents 

// , / v 

the same element of T p as [A"o < • • • < By (|3.ip . the right-hand side represents the same 

element of T v as [Ao < • • • < X p ], in either case. An argument similar to the one used in the 
preceding lemma shows that the right-hand side lies in © co dim(v)=p m either case. The claim 

follows. □ 

By Lemma 16.21 this theorem is sufficient to determine Tij uniquely. By Corollary 16.11 Tj,- sends 
singular vectors of J-f to singular vectors of Fj , and preserves the value of the contravariant form 
on such vectors. 

Similarly, there is an algebra isomorphism r*j : Ai — > Aj determined by 



cDfc — Cji if k ^ i 
—UJ4 if k = i. 



As in there is an isomorphism F* — > Ai defined by the affine version of (|2.ip . and the con- 
travariant map ipi : Fi — > Ai characterized by the formula 

S(F,F') = (F,A(F')). 

The image of tpi is the complex of flag forms of Ai. (It is a subcomplex of (Aj,^).) Theorem 15.21 
has the following consequence. 

Corollary 6.4. The following diagram commutes: 

Sing(^) if 

Sing(7|)^lij 
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